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Zeros of Witten zeta functions and absolute limit 



S . N. Kurokawa and H. Ochiai 

"*^ ' 1 Introduction 
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The Witten zeta function 
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peG 

was introduced by Witten |Wj in 1991, where G is a compact topological 
group and G denotes the unitary dual, that is, the set of equivalence classes 
of irreducible unitary representations. The example 

OO CX) 

"> : C(2)(«) = E deg(Sym-)- = J^n^ = C{s), 

m ■ m=0 n=l 

l/^ . where ^(s) denotes the Riemann zeta function, suggests fine properties 

for general case. In fact, Witten showed arithmetical interpretation for 
C|^(^)(2m) (m = 1, 2, 3, . . . ) containing Euler's result ([El] 1735) 



C(2)(Mevr2™Q. 

In this paper we look at the opposite side: special values at negative integers 
such as 



OO ^ 

C(2)(-i) = "E^" = -i^' (1) 

n=l 

OO 

Cl.(2)(-2) = "E^'"=0 (2) 

n=l 

due to Euler (E2](1749). We notice that the value 

OO ^ 

"yn"=-- 



12 

n=l 



appears as the one-dimensional Casimir energy: see Casimir [C] and Hawking 
[H]. The equality 



oo 



" ^ n^ " = 

71=1 

means the vanishing of the two-dimensional Casimir energy. 
We notice that 

C^(-2) = \G\ 

when G is a finite group. We conjecture that 

C^(-2) = (3) 

for infinite groups G. 

For deeper understanding of the situation, we introduce a new zeta func- 
tion (Witten L-function) 

pGG 

where G is a compact topological group, g is an element of G, G is the set of 
equivalence classes of irreducible (C-valued) representations of G, deg{p) is 
the degree (the dimension) of an irreducible representation p & G. Note that 
trace{p{g)) is the character of the representation p. This Witten zeta func- 
tion Cg'(s, g) reduces to the (usual) Witten zeta function when we specialize 
g to be the identity element 1 £ G: 

In the case of a finite group G we have 

^W(n „^ = / 1^1 if 5 = 1, 
^^ ^ ' ^^ \ otherwise. 

We conjecture that 

(:^{-2,g) = (5) 

when G is an infinite group. The following result treats the case G = SU{2). 

( e'^ \ 
Theorem 1. Suppose g G SU{2) is conjugate to I ~ie ] ^^^^ ^ 

9<TT. 



(1) We have an expression 



Csf/(2) •S'S' = V — ^-7-"- 



n=l 

in Re(s) > 1 The function Csu(2)(^^9^ ^^ ^ ^^^ ^ meromorphic contin- 
uation to the whole complex plane. 

(2) For a positive even integer m, we have Csu(2)(~^^^ 9^ ~ ^ f^''" ^^^ 9 ^ 
SU{2). Moreover, s = —2 is a simple zero of C,^jj,2\{s,g), and the first 
derivative at s = —2 is given as 



Q^W 



SU{2) 

ds 



(-2,5) = < 



r _c(3) 

1 



C(2, 



47rsine \^SV-> 27r^ 2sm2| 

7C(3) 
1^ 



if = 0, 
> if 0<e <Tr, 

ife = TT. 



Here C,{s,x) denotes the Hurwitz zeta function. 
(3) The special value at s = —1 is given as 



Csu(2)i-^,9)= { 



' -^ if = 0, 

V^ ifO<e<7r, 



4 sin*^ 

1 

4 



if 6 = 7:. 



We now introduce a 'multi '-version of Witten L-function. For gi, . . . ,gr G 
G, we define 

.Wf N V^ trace(p(ffi)) trace(p(g^)) 



peG 

E 



deg(p) 



deg{p) 



trace(p(gi)) • • • trace(p(gr)) 
deg(p)''+'" 



It is natural to ask whether the vanishing C^q {—2; gi, . . . ,gr) = of the 
special value at s = —2 for this generalization holds. We have a partial 
answer to this question. 

Theorem 2. We have (^^,2){~'>^'-i 91-: 92) = for (71,52 £ SU{2), and a 
positive even integer m. 



We also give an example of the non- vanishing for the case r = 3: for 
some g G SU{2), we prove that C^jj i^A—^; g , g , g) 7^ 0. These results related 
with the Lie group SU{2) are given in Section [21 

We report further examples of zeros of Witten zeta functions for infinite 
groups. 

Theorem 3. C^(3)(s) = for s = -1, -2, . . . . 



The proof of this theorem is given in Section [3l 

The next example is not a Lie group, but a totally disconnected group. 
Let Zp be the p-adic integer ring for a prime number p. 

Theorem 4. Suppose p 7^ 2. Then <^^ ,2 As) = for s = —1,-2. 

Now we consider the congruence subgroups. For a positive integer m, we 
define a subgroup of 5L3(Zp) of finite index by 

5L3(Zp)b"] = ker(SL3(Zp) ^ 5L3(Zp/(p™))). 

Theorem 5. Suppose p 7^ 3. 

(1) 

^SLs{Zp)[p"-]K^) -P (i_pl-2s)(i_^2-3s) 

X (1 + ip-^+p-^)p-' + (1 +p-l)p-2^ +P-2-3-) . 



(2) C^L,iz,)[r>-]i^) = for s = -1,-2. 

(3) 

.w / X _ {s + l){s + 2) 

Here we interpret that if C^ (z -irpmils) has an expression as an analytic 
function on p, and there is a limit p — t- 1, then its limit is denoted by 

CsLs{Zi)[i"-]i^) = ]™ C5L3(ZJ,)[p-](•5)• 
These results on totally disconnected groups are given in Section |H 



2 SU{2) 

2.1 Parametrization of irreducible representations of SU(2) 

The set of equivalence classes, G, of irreducible unitary representations of 
G = SU{2) is parametrized by the set of natural numbers. For a natural 
number, we denote hy p = pn & G, the corresponding irreducible represen- 

tation of G. For a ^f = I _^g ) £ G, we have the character formula 

tmce{p{g)) = e'^""-^^^ + e*^"-^)^ + • • • + e^^^-")^ + e*(i-")^ (6) 

and the degree 



where h = { f^ ) G SU{2) is the identity matrix. We also see that 



deg(p) = trace(p(/2)) = n, (7) 

trace(/3(-/2)) = (-l)'""^n. 

We start from g = ±/2 G SU{2). In these cases, C^(-2)('^'5') ^^ written in 
terms of Riemann zeta function. We see that C^(2)(^'-^2) = C{s), and 

Cfui2)is, -h) = E ^-^ = (1 - 2^-)C(.). (8) 

n=l 

2.2 Poly-logarithm function 

We recall the poly-logarithm 



Z(s,x) = J^— , 






which is written also as Lis(x) in literature. This series converges if |x| < 1 
and s G C, or |x| = 1 and Re(s) > 1. In the following, we restrict to the 
case |a;| = 1. 

Theorem 6. Suppose \x\ = 1 and x ^ 1. Then Z{s,x) is analytically 
continued to a holomorphic function on s € C. Moreover, for every non- 
negative integer m, the function Z{—m, x) can be expressed by a rational 
function in x. The first several examples are 



Proof. For Re(s) > 1, we have 



2 °° n 

Z(s, x) = X -\ h > — 

n=3 

^2 °o ^n+1 



X v-^v 



^ ' 2s ' f-(n + l)^ 



n=2 
2 



x+ — + Y^ x"+^n-"(l + n-i) 



n=2 

oo ^ \ 



9 oo oo 

X^ sr^ „ , 1 _„'^-^ /-S 



n=2 fc=0 

^ + ^ + ^ E ( t ) (^(^ + ^' ^) ~ ^) 

X + — + x(Z(s, x) - x) + x ^ J ( J ) (Z(s + A;, x) - x) 



fc=l ^ ^ 



This shows 

„2 



'>--£(T)' 



(l-x)Z(s,x) = 3; + x^(2-'- l) + x> , (Z(s + /c,x) -x). (9) 



By the estimates of binomial coefficients, the right-hand side converges ab- 
solutely on the right-half plane Re(s) > 0. This shows the analytic continua- 
tion of Z{s, x) to Re(s) > 0. Repeating this argument, we obtain the analytic 
continuation to whole s G C. To substitute s = —m with m = 0, 1, . . . , we 
have the recursion equation 



+ x\2--l)+xY^[^^yZ{- 



(1 - x)Z{-m, x) = x + x2(2" - 1) + X V {Z{-{m -k),x)- x). 



(10) 
D 



First several examples show 

x(l + 4x + x^) x(l + x)(l + 10x + x2) 

Z(-3,x) = -J , Z(-4,x)- 



Z{-5,x) 



(l-x)4 ' ^ ' ^ (l-x)£ 

x(l + 26x + 66x2 _^ 26x3 + x^) 



(l-x)6 
These examples seem to show 



Lemma 7. Suppose \x\ = 1 with x ^ 1. Then 

Z{0,x) + Z{0,x-^) = -l, (11) 

and for every positive integer m, 

Z{-m, x) + (-l)™Z(-m, x-^) = 0. (12) 

Proof. We start from [Jonquiere 1880] 

e--/2z(s, e'') + e--/2z(s, e^^) = ^C(l - s, ^) (13) 

in Milnor [Mj. Putting s = —m with m = 1,2,..., we have 

e^i'"/2^(_m, e^'') + e-^^'"/2^(-m, e"^^) = 0. 

D 

We remark that Z{0, 1) = ({0) = -1/2. In this sense, the formula ([II]) 
is valid also for x = 1. 

2.3 An example 

^^"^'^' ^" (e-.9/2 _ eie/2)2 = "4sin2(0/2) ' ^^^^ 

and this shows 

Li_i(e-*^) = Li_i(e^^), (15) 

an even function in 9. 

2.4 Proof of Theorem [T](l) and analytic continuation 

Now we consider regular elements in SU{2). Suppose < 9 < ir. Then we 
have, for Re(s) > 1, 



pin6 p—inO i 

e-*^ j j ~ ^ e^^ - e-*^ n 

n=l 



C^(2) s. ""n p-*^ - S 



n" 



inO —ind 

n=l 



E 



e'" — e 



2isin 



i— ^{Z(s + I,e^^)-Z(. + I,e-^^)} 
mZ(s + l,e^^)-Z(s + l,e-^)|, 



and the right-hand side has nieromorphic continuation to whole s G C. 
Note that we interpret 

sin(ng) _ [ 1 if = 0, 

nsin^ 1 (-1)"-^ if0 = 7r. ^^^' 



2.5 Proof of Theorem [T](2); vanishing 



For g = ib/2 and for positive even integer m, we obtain C^('2l(~"^' ^-^2) = 



from (^{—m) = 0. 

For g 7^ ±-^2; suppose < 9 < tt. Then for a positive integer m, we have 



.w ' - 1 



Qui2)i-^^9) = ^T—^ (^(1 - m,e^'^) - Z(l - m,e-^)j . (17) 
This is zero for even m by the formula (J12p . 



2.6 Proof of Theorem [T](2), first derivative 

We see that 

1 sis + 1) 



T{s) r(s + 2) 
shows that 



(18) 



1 -(, + l) + 0((, + l)2), (s^-l). (19) 



We again start from the formula ([13 



e— /2Z(., X) + e-/'Zis, x-i) = ^C(l - s, f ; 
with X = e . Taking 7^ , in this formula, we have 

o OS ls = — l ' 

^^(-l,x) + (-.)^(-l,x^) 



+ {-7Ti/2){i)Z{-l,x) + (7ri/2)(-i)Z(-l,x-i) = (2^)-i(-l)C(2, — ). 



Then 



ix2ism9x -^^(-2,g) = -7rZ{-l,e'') - ^C(2, — ), (20) 



in 


sin 6* X 


ds 


We have 







(-2,5)=27r2L(-l,e*^) + C(2,— ) (21) 



7r2 



C(2,t) + C(2,l-t) = — 2— ^ (22) 



sm^(7ri) 
since the left-hand side is equal to 



CXD ^ OO ^ OO ^ 

^ (n + ty ^ -^ (n+l-i)2 " ^ (n + i)2 ^^^^ 

n=0 n=0 n=— oo ^ ' 

which is equal to the right-hand side. This shows 



STTsine X -^{-2,g) = C(2, -) - C(2, 1 " ^) > (24) 



since 75- < 1 — 75-. 



2.7 Proof of Theorem W(3) 



and 



^SU(2)\ 



e*^ 



C^(2) ( ^' \ e~'^ 



-1) = - 


1 
'12 




Z(0,2:) 


-Z(0,x 


-') 


X 


-x-i 




— X 




1 



(25) 



(26) 



(l-x)2 4sin2(0/2)' 
where x = e*^ for all < < vr. 

2.8 An average over the group 

Let G be a finite group. The normalized Haar measure dg on G is, by 
definition, 

f fi9)d9 = j^Y.f^9). (27) 

Then we see that, for all s G C, 



[ C^{s,g)dg = l, (28) 

Jg 



since the left-hand side is equal to 

^ (^J^tre.ce{p{g))dg] deg{p)-'-\ (29) 



peG 



where the average is non-zero only for the trivial representation p. 

Now we consider the case where G is a compact group which is not 
necessarily a finite group. Again let dg be the normalized Haar measure of 
G so that j^dg = 1. We ask the value 



[ C^{s,g)dg. (30) 

Jg 



We can give some example 

-'SUi2) 



SU{2) 



Cfu(2)i-'^,9)dg = 0, (31) 



Csui2)i-h9)dg = l. (32) 

SU{2) 
The latter formula is proved by the Weyl integral formula; 

(33) 

2.9 r = 2 

We now discuss the properties of a generalization of Witten zeta functions 
with several characters. We give a proof of Theorem [21 



Proof. 



rp' <' rp "• 

trace(p(5i)) = ^, trace(p(5'2)) 

X — X ^ 



with X = e*^, y = e '^ . In the cases (72 = ^-^2, we have 
Csu{2)i^^9iJ2) = Csu(2)i^^9i), 

/-W I T \ ^W I 

^SUi2)'yS^9l,-h) - (,SU{2)KS,-9l 



yn _ y-n 




'e 






(34) 


), 


(35) 



Then the problem on the special values is reduced to the case treated in 
Theorem [11^2). 
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Now we may suppose x,y ^ ±1. Then 



CsU{2)is^9l,92) 






(x-x-i)(y-y-i)^ n 

_ Z{s + 2, xy) + Z(s + 2, x'^y-^) - Z{s + 2, xy~'^) - Z{s + 2, x^^y) 

(x-x"i)(y-y-i) 

This shows 

.VK , „ ^ _ {Z{0, xy) + Z(0, x-iy-i)) - {Z{0, xy-^) + Z(0, x-^;/)) 
C5t/(2)(-2, 51,92) (^_^-i)(y_y-i) 

= 0, (37) 

where we have used the formula (IllD. D 



(38) 



2.10 r = 3 

By the similar computation, we obtain 

CYui2)is',9,9,9) 

_ Z{s + 3, x^) - 3Z{s + 3,x) + 3Z{s + 3, x-^) - Z{s + 3, x"^) 

(x — x~^)^ 

li X = i, then 

,w ( ^ ^ 4Z{l,-i)-4Z{l,i) -2m vr 

3 5[/(3) 

3.1 On analytic continuation 

Let G be a compact semisimple Lie group. Then the Witten zeta Cg {^) has 
a meromorphic continuation to C. This is a special case of 

y^ (5(mi,...,?n.r)P(mi,... ,mr)"^ (39) 

mi,...,mr>l 

Analytic continuation of these zeta functions is discussed in [Mellin 1900], 
[Mahler 1928]. 
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3.2 A special value at a negative integer 

Let n be a positive integer. Let M = 2n+2, and suppose Re(s) > — n— 1 + |, 
with e > 0. By |Maj . we have 

C^ (s) = 2'' y i (40) 

m,n>l 

r{2s-i)r{i-s) 



M-l 



-C(3s-1) 



+ 2^ E (-i)^^^^^^^i^^^^c(2. + ms - k) 



k=0 



+ 2^^^ f r(. + .)r(-.) ^^^^ ^ ^^^^^ _ ^^^^_ 



27rA/^ ./Rc(z)=2n+2-e ^fs) 



Reminding 

r(2s - 1) 



sn-l ^! 



(-1)""*2(2;7W '"' 



r(s) 

we can put s = —n in this identity and obtain 

C3,(-") = 2-"(-ir'5j^c(-3.-i) 

k=0 

+ 2-"(-l) (-^^(^-,^)---(;/^-^---" V3n - 1). (42) 

^ ' (2n + l)! 2^^ ^ ^ ^ 

This shows C^(3)(~"') = for a positive odd integer n, since C(— 3n — 1) = 
and C(— 2n + k)C,{—n — fc) = for A; = 0, 1, . . . , n. On the other hand, for a 
positive even integer n, we have 

Cwrs^(-f^) = -2-" , ^""'^ ,, C(-3n - 1) 
ss[/(3)v ; (2n + l)!^^ ^ 

+ 2-" E (!) C(-2" + k)a-n -k) = 0, (43) 

fc=o ^ ^ 

where the last equahty fohows from the following lemma: 
Lemma 8. For a positive even integer n, we have 

k+l=n,k,l>0 ^ ' 
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Equivalently, 



1 -B,i_|_i_|_fc Bn^i+i n! ^3 



A;!/!n + l + /cn + l + / ~ (2n + l)!3n + 2' ^ '^ 

k+l=n,k,l>0 \ > J < 

This follows from [CWl Theorem 2] when we substitute a = ■y = n — 1 and 
S = e = l. D 

This concludes the proof of Theorem [3l 



4 The groups over Z^ 

4.1 SL2 

Let p be an odd prime. We denote by Zp the ring of integers in the non- 
archimedean local field Qp. Jaikin-Zapirain (Jj obtains the following explicit 
formula: 



CJl,izAs) = Zo{s) + Zoo{s), (46) 



with 



Zo{s) = C^2(Fp)(s) 



+p-' + ^(p+l)"^ (47) 

+^^ip'+pr'y (48) 

This deduces 

Zo(-2) = p(p2 _ 1) = \SL2iFp)\ = p{p + l){p-l), (49) 

Zoo{-2) = -p{p^ - 1), (50) 

Zo{-l)=p{p + l), (51) 

Zoo(-l) = -p(p+l), (52) 

Zo(0)=p + 4, (53) 

^oo(0) = ^-p-4. (54) 

p — 1 

13 



This shows 

CrL.(z,)(-2) = 0, (55) 

CfL.(z,)(-l) = 0, (56) 

C5^^.(z.)(0) = -^. (57) 

which concludes the proof of Theorem HI 

4.2 Congruence subgroups of SL2 

In this subsection, we assume that p is an odd prime. By [AKOVj . we obtain 

This shows 

-w 



a(z.)M(^)=P^-^^\^^- (58) 



C5L,(z,)m(-2) = 0, (59) 

By taking an "absolute limit" p — ?• 1, we obtain 



CrL,fz„)f."^l(-l) = V"-^V(p + l). (60) 



C5L9fZi)[l'"l(^) — ~ 7- (61) 



4.3 Congruence subgroups of SL3 and SU3 

In this subsection, we assume that p is a prime with p 7^ 3. By |AKOVj . we 
have 



l + u{p)p ^ '^^ + u{p ^)p ^ ^'^+p ^ ^* 

(l-pl-2^)(l-p2 



C5L3(Zp)[p™](s) -^P^""— '''''' ^l _ pl-2sj(^l l''p2-3s^ ' (62) 

where w(X) = X^ + X^ — X — 1 — X~^. We notice that it can be factorized 
as 

X (1 + (p-1 + p~^)p"' + (1 + p"l)p"'" + p-2-3s^ ^ (g3) 

We see that 

C5L3(Zj,)[p™](-2) = CsL3{Zp)[p™](-l) = 0- 

14 



The formula (1631) shows 



.w ,^,_{s + l){s + 2) 



limC5.3(z.)M(«)=(,_i)(,_|)' (64) 

which is considered to be "an absokite Witten zeta function ^^ -^ iMmi(s)". 
Also by [AKOVj . 



-W r„\ — „8m 



l + u{p)p ^ ^'* + u(p ^)p ^ ^*+p ^ ^* 

(l_pl-2.)(l_p2-3s) 



Cst/3(Zp)[p™](«) - P "" n -«1-2^V1 _r,2-3s^ (^5) 



„8m 



ri_p-2-.)(i_p-.)(i+p-i-.) 



X (1 + (1 - p-1 + p-^)p-' + p-2-2-) , (66) 

where u{X) = -X^ + X^ - X + I - X-\ This shows 

Csf/3(Zp)[p™](-2) = C5[/3(Zp)[p™](0) = 0' 
while 

Cr.3(z.)b^](-1) = 2/-^^ = 2P-- j|- (67) 

is non-zero where [n]p = ^ Jj^ is a p-analogue of an integer n. This shows 



p 

2 

p41''5'C/3{Zp)[p™]V-^y - ^ 



l™C^3fZ„)fc™l(-l) = 7- (65 



By the formula (f66|) . we have 

li"^C5(73(Z„)fp"M('5) 



^ ,„^_ g(g + 2) 

,^1^5C/3(Z,)b"l(^)-^^_l)(^_|y 
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